Abstract. We prove that a smooth plane curve over a global field of characteristic two is defined by the determinant of a symmetric matrix with entries in linear forms in three variables if and only if such a symmetric determinantal representation exists over the completion at each place of the base field. We also prove a stronger assertion when the degree of the plane curve is odd or the plane curve has a rational point. The canonical theta characteristics on smooth algebraic curves, which exist only in characteristic two, play an important role in the proof. It seems a rather curious phenomenon in characteristic two because we have counterexamples in other characteristics.
Introduction
Let F ∈ K[X 0 , X 1 , X 2 ] be a non-zero homogeneous polynomial in three variables of degree n ≥ 1 with coefficients in a field K. Let C := (F = 0) ⊂ P 2 K be the plane curve defined by F . If there is a triple of symmetric matrices (M 0 , M 1 , M 2 ) of size n with entries in K satisfying
for some λ ∈ K × , we say C (or F ) admits a symmetric determinantal representation over K. We say two triples (M 0 , M 1 , M 2 ), (M 2 ) giving rise to symmetric determinantal representations of C (or F ) over K are equivalent if there exist P ∈ GL n (K) and a ∈ K × with M ′ i = a t P M i P for i = 0, 1, 2, where t P is the transpose of the square matrix P .
Finding symmetric determinantal representations is a classical problem in algebraic geometry and number theory, which goes back to Hesse's work on plane quartics ( [6, Ch 4] , [5] , [7] , [23] , [4] , [24] , [1] ). These days, we become more interested in the arithmetic properties of linear orbits related to symmetric determinantal representations thanks to the recent developments of Arithmetic Invariant Theory ( [10] , [2] , [11] ).
Let us consider the following problem of "local-global principle".
In our previous paper ( [12] ), we proved the answer to the above problem is "Yes" when n ≤ 3. We also constructed counterexamples for n = 4 when char K = 2, 3, 5, 7, 11, 29, 1229 . The case of n ≥ 5 seems still open. We expect the answer is "No" when n ≥ 4 and char K = 2. (For the proof of these results and group theoretic evidences, see [12] .)
In this paper, we study the case of characteristic two. Rather curiously, the story is completely different from the case of other characteristics. It turns out that the local-global principle holds in characteristic two for any degree n ≥ 1. Theorem 1.2 (see Theorem 6.1). Let K be a global field of characteristic two, and C ⊂ P 2 K a smooth plane curve of degree n ≥ 1 which admits a symmetric determinantal representation over K v for each place v of K. Then C admits a symmetric determinantal representation over K.
Our results are stronger than Theorem 1.2 (for precise statements, see Theorem 6.1). We can replace "for each place" by "for all but one place". Much stronger assertion holds when n is odd or C has a K-rational point. Under one of these assumptions, we can replace "for each place" by "for one place". Of course, this is a peculiar phenomenon existing only in characteristic two.
Let us give a sketch of the proof of Theorem 1.2. It is known that the existence of symmetric determinantal representations is equivalent to the existence of certain line bundles called non-effective theta characteristics. An interesting phenomenon in characteristic two discovered by Mumford is that there is a canonical theta characteristic on C K := C ⊗ K K over an algebraic closure K of K ( [16, p. 191] ). We denote it by L can,K . Moreover, Stöhr-Voloch proved that all non-canonical theta characteristics on C K are effective ( [21] ). Since we assumed C admits a symmetric determinantal representation over K v for a place v of K, the canonical theta characteristic L can,Kv over K v exists and it is non-effective. Therefore, we have only to prove the existence of the canonical theta characteristic over K because, if it exists, it is non-effective. It is a rather subtle problem because K is an imperfect field, and K v /K is a transcendental extension. We argue as follows. By Greenberg's approximation theorem ( [8] ), the canonical theta characteristic L can,K sep over a separable closure K sep of K exists because it exists over the completion K v . Since the class of L can,K sep in the Picard group is fixed by Gal(K sep /K), we have a K-rational point on the Picard scheme Pic C/K . By cohomological arguments, we see that the obstruction for the existence of the canonical theta characteristic over K is measured by an element in the Brauer group Br(K). We can show that it vanishes using the local-global principle for the Brauer group in global class field theory ( [22] ).
The outline of this paper is as follows. In Section 2, we recall the relation between non-effective theta characteristics and symmetric determinantal representations. In Section 3, we recall basic properties of theta characteristics over algebraically closed fields of characteristic two due to Mumford and Stöhr-Voloch ( [16] , [21] ). In Section 4, using the relative Picard functors and Picard schemes, we study the existence of canonical theta characteristics over arbitrary fields of characteristic two. In Section 5, we examine symmetric determinantal representations of conics and cubics in some detail. Although the results in this section are not necessary for the proof of Theorem 1.2, these examples in low degree give us some feelings on the problem. We give examples of conics and cubics over an imperfect field of characteristic two where the canonical theta characteristics do not exist. Theorem 1.2 is proved in Section 6.
Finally, in Section 7, we give some remarks on the field of definition of symmetric determinantal representations in characteristic two.
Notation. An algebraic closure of a field K is denoted by K, and a separable closure of K is denoted by K sep . A global field of characteristic two is a finite extension of F 2 (T ), where F 2 is the finite field with two elements and T is an indeterminate. For a place v of K, the completion of K at v is denoted by K v . Note that K, K v are imperfect fields of characteristic two. For an extension of fields M/L and an L-scheme X, the base change of X to M is denoted by X M . For a coherent sheaf F on X, the base change of F to X M is denoted by F M .
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Theta characteristics and symmetric determinantal representations
In this section, K is a field of arbitrary characteristic. We recall the definition of theta characteristics on projective smooth geometrically connected curves over K. We also recall the relation between theta characteristics and symmetric determinantal representations.
Definition 2.1 ([16]
). Let K be a field, and C a projective smooth geometrically connected curve over K.
Proposition 2.2. Let K be a field, and C ⊂ P 2 K a smooth plane curve. There is a bijection between the set of isomorphism classes of non-effective theta characteristics on C and the set of equivalence classes of symmetric determinantal representations of C over K.
Proof. This is well-known when char K = 2 ([1, Proposition 4.2], [6, Ch 4], [10] ). In the literature, the proof is usually written under some assumptions on the characteristic of the base field. But, as noted in [1, Remark 2.2], it is not difficult to modify the arguments in [1] to cover the case of characteristic two. For a proof of this proposition which works over arbitrary fields, see [11] .
Theta characteristics over algebraically closed fields of characteristic two
In this section, K is an algebraically closed field of characteristic two although the case of perfect fields of characteristic two can be treated similarly. We recall some results on theta characteristics on algebraic curves in characteristic two due to Mumford and Stöhr-Voloch ( [16] , [21] ).
Let C be a projective smooth connected curve over
Mumford observed the following "strange" fact ( [16, p. 191] ). Take a rational function f ∈ K(C)\K(C) 2 which is not a square in K(C). Then we have df = 0. Assume that, at a closed point x ∈ C, the rational function f can be written as the Laurent series of the form f = n≥N 0 a n T n for a uniformizing parameter T at x. Since we have
the order ord x (df ) at x is equal to the smallest integer n with (n + 1)a n+1 = 0. Since char K = 2, it must be an even integer. Calculating similarly at all closed points, we see that the divisor div(df ) is always divisible by 2.
div(df ) is independent of the choice of f . In fact, another non-square rational function g ∈ K(C)\K(C) 2 can be written as g = h
div(dg) are linearly equivalent. We put
and call it the canonical theta characteristic on C. Stöhr-Voloch proved that all non-canonical theta characteristics are effective.
Proof. This is an interesting exercise in characteristic two. We briefly recall the proof for the reader's convenience. We put
Since L is not isomorphic to L can , we see that D is not linearly equivalent to 1 2 div(df ). Hence g is non-square, and we have dg = 0. Since we have
div(dg) are linearly equivalent as Mumford observed. For any x ∈ C, a local calculation shows ord x (dg) ≥ (ord x g) − 1. Hence we have
The effectiveness of L can depends on the geometric properties of the Jacobian variety Jac(C). (For the definition and basic properties of Jac(C), see Section 4). Recall that there is a map Cart :
called the Cartier operator. (See [18, §10] . The Cartier operator is usually denoted by "C" in the literature. We avoid using it because "C" is already used for the curve.) We briefly recall the definition of the Cartier operator. Fix a non-square rational
It is easy to see that this definition is independent of the choice of f . The Cartier operator is not K-linear because it satisfies Cart(g 2 ω) = g Cart(ω) for any g ∈ K(C). The Cartier operator sends the K-vector space H 0 (C, Ω 1 C ) of regular differential one-forms to itself.
The map
Cart :
C ) is bijective if and only if the Jacobian variety Jac(C) is ordinary ([18, Proposition 10]). (Recall that an abelian variety
A over a field L of characteristic p > 0 is said to be ordinary if the number of L-rational points of order p on A is equal to p dim A − 1.) The following result is also proved by Stöhr-Voloch.
Proposition 3.2 ([21]). The canonical theta characteristic L can is effective if and only if Jac(C) is not ordinary.
Proof. We give a sketch of the proof for the reader's convenience. If L can is effective, there is a non-zero rational function g ∈ K(C) × with
Hence we have div(g 2 df ) ≥ 0, and
. By the definition of the Cartier operator, we have Cart(g 2 df ) = 0 . Therefore, Cart on H 0 (C, Ω 1 C ) is not bijective, and Jac(C) is not ordinary by [18, Proposition 10] . Conversely, if Jac(C) is not ordinary, it is known that Cart on
Hence there is a nonzero regular differential one-form ω = (g
Theta characteristics over arbitrary fields of characteristic two
When K is a field of characteristic two, we cannot apply the results of Mumford and Stöhr-Voloch directly (see Section 3). Instead, we shall use relative Picard functors and Picard schemes to compare the theta characteristics over K and those over K.
First, we recall basic properties of relative Picard functors and Picard schemes ([3, Ch 8], [14] ). Let K be a field (of arbitrary characteristic), and C a projective smooth geometrically connected curve over K. The relative Picard functor Pic C/K is the fppf sheaf associated to the functor
. It is known that Pic C/K is representable by a group scheme locally of finite type over K called the Picard scheme 
]).
There is an exact sequence
where Br(K) is the Brauer group of K ([19, Ch X, §4]), and Br(C) := H 2 (C, G m ) is the cohomological Brauer group of C calculated either in fppf topology orétale topology ([3, Proposition 4 in §8.1], [9, Théorème 11.7] ). We consider Pic(C) as a subgroup of Pic C/K (K).
Lemma 4.1. Let L/K be an extension of fields, and C a projective smooth geometrically connected curve over K.
(
From now on, assume that K is a field of characteristic two. It is not always the case that the canonical theta characteristic L can,K on C K comes from a line bundle on
and call it the canonical theta characteristic on C. Since the map Pic(C) −→ Pic(C K ) is injective by Lemma 4.1 (1), this does not cause any confusion. If L can,K exists, it is a theta characteristic on C by Lemma 4.1 (2) . Moreover, L can,K is effective (resp. non-effective) if and only if L can,K is effective (resp. non-effective) by Lemma 4.1 (3).
Lemma 4.2. Let K be a perfect field of characteristic two. Then the canonical theta characteristic L can,K on C exists.
Proof. It is possible to construct L can,K directly under the assumption that K is perfect although the base field is assumed to be algebraically closed in [16] (see Section 3). Let us give an alternative argument in order to illustrate how to use the Picard scheme. Since K is perfect, we have
is fixed by the action of Gal(K/K). Hence it gives a K-rational point of the Picard scheme Pic C/K . We denote it by s ∈ Pic C/K (K). Let α ∈ Br(K) be the image of s in the Brauer group Br(K). Since 2s is the image of [Ω Proof. Since M is perfect, the map
We have the following corollary of Proposition 3.1 and Proposition 3.2.
Corollary 4.4. Let K be a field of characteristic two, and C a projective smooth geometrically connected curve over K.
(1) There is at most one non-effective theta characteristic on C, up to isomorphism.
(2) Assume that L is a non-effective theta characteristic on C. Corollary 4.6. Let K be a field of characteristic two, and C ⊂ P 2 K a smooth plane curve of degree n ≥ 1. The following are equivalent.
• C admits a symmetric determinantal representation over K.
• C admits a symmetric determinantal representation over a finite purely inseparable extension of K.
• Jac(C) is ordinary. 
Symmetric determinantal representations for smooth conics and smooth cubics
In this section, K is a field of characteristic two. We examine symmetric determinantal representations for smooth conics and smooth cubics in some detail. It turns out that, when K is imperfect, the existence of the canonical theta characteristic L can,K on C is a rather subtle property.
Smooth conics.
Proposition 5.1. Let K be a field of characteristic two, and C ⊂ P 2 K a smooth conic. The following are equivalent.
(i) C admits a symmetric determinantal representation over K.
(ii) The canonical theta characteristic L can,K on C exists.
(iii) C has a K-rational divisor of odd degree.
(iv) C has a K-rational point.
(v) C is isomorphic to P 1 K over K. Proof. We shall recall some facts on the Picard group of C. Since C K is isomorphic to P 1 K , we have the following isomorphisms: = −2, the smooth conic C has a K-rational divisor of degree −2. If C has a K-rational divisor of odd degree, C has a K-rational divisor of degree −1, which corresponds to a non-effective theta characteristic on C by Lemma 4.1 (2),(3). (iii) ⇒ (v): Similarly, if C has a K-rational divisor of odd degree, C has a K-rational divisor of degree 1. The complete linear system associated to it is one-dimensional and very ample. Hence C is isomorphic to P Remark 5.3. Without using theta characteristics, it is possible to prove the equivalences (i) ⇔ (iii) ⇔ (iv) ⇔ (v) of Proposition 5.1 by a direct calculation as follows. The equivalences (iii) ⇔ (iv) ⇔ (v) are standard, and we do not need theta characteristics to prove them. Assume that C admits a symmetric determinantal representation over K. We write the defining equation of C as
for some linear forms ℓ 0 , ℓ 1 , ℓ 2 with coefficients in K. Take elements a 0 , a 1 , a 2 ∈ K satisfying (a 0 , a 1 , a 2 ) = (0, 0, 0) and ℓ 0 (a 0 , a 1 , a 2 ) = ℓ 1 (a 0 , a 1 , a 2 ) = 0. We see that (a 0 , a 1 , a 2 ) is a K-rational point of C. Conversely, if C has a K-rational point, C can be transformed into any smooth conics with K-rational points by linear change of variables. Hence C can be transformed into the smooth conic
by linear change of variables. Since C ′ admits a symmetric determinantal representation over K, we see that C also admits a symmetric determinantal representation over K.
Remark 5.4. Examples of smooth conics not satisfying any of the conditions of Proposition 5.1 are constructed as follows. Let B be a quaternion division algebra over a field K of characteristic two. Such B exists when K is a global field of characteristic two or its completion at a place. Since there is no quaternion division algebra over finite fields ([19, Ch X, §7]), K is an infinite field. Let C B be the Severi-Brauer variety associated to B ([19, Ch X, §6]). Since C B is a projective smooth geometrically connected curve of genus 0 not isomorphic to P 1 K , it is a smooth conic without K-rational points ([15, Proposition 7.4.1]). We fix an embedding C B ֒→ P 2 K .
• Since C B does not have K-rational points, C B does not admit a symmetric determinantal representation over K. The canonical theta characteristic L can,K on C B does not exist.
• C B admits a symmetric determinantal representation over a separable quadratic extension of K. This can be shown as follows. Since K is an infinite field, by taking the intersection with a sufficiently general line, we see that C B has a rational point over a separable quadratic extension of K by Bertini's theorem ([13, Corollaire 6.11 (2)]).
• Moreover, C B admits a symmetric determinantal representation over a purely inseparable quadratic extension of K. To see this, we write the defining equation of C B ⊂ P 
The extension K( √ α)/K is purely inseparable of degree two because C B has no K-rational points. By Proposition 5.1, C B admits a symmetric determinantal representation over K( √ α).
Smooth cubics. Let
K be a smooth cubic. The Jacobian variety Jac(C) is an elliptic curve over K. Let Jac(C) [2] be the group scheme of 2-torsion points on Jac(C), which is a finite group scheme of order 4 over K. Since the canonical sheaf Ω 1 C is isomorphic to the trivial line bundle
It is known that the inequality
holds ([20, Ch V, Theorem 3.1]). The elliptic curve Jac(C) is ordinary (resp. supersingular) if and only if dim F 2 Jac(C) [2] (K) = 1 (resp. dim F 2 Jac(C) [2] (K) = 0).
We shall consider these two cases separately.
Ordinary case.
Proposition 5.5. Let K be a field of characteristic two, and C ⊂ P 2 K a smooth cubic whose Jacobian variety Jac(C) is ordinary.
(1) Over K, the canonical theta characteristic L can,K corresponds to the unique non-trivial K-rational 2-torsion point on Jac(C). (2) The following are equivalent.
(a) C admits a symmetric determinantal representation over K.
(c) Jac(C) has a non-trivial K-rational 2-torsion point.
Proof.
(1) Since Jac(C) [2] (K) ∼ = F 2 , there are only two theta characteristics on
Since deg L = 0 and L is non-trivial, we see that L is non-effective. Hence the canonical theta characteristic L can,K is isomorphic to L by Proposition 3.1. Let us examine the last condition concretely. We fix an embedding Jac(C) ֒→ P 2 K . We may assume that Jac(C) is defined by a Weierstrass equation of the following form
Using the projective coordinates of P 2 K , a point (x, y, z) ∈ Jac(C) is a non-trivial 2-torsion point if and only if x = 0, z = 0 ([20, Ch III, Group Law Algorithm 2.3]). Hence the non-trivial K-rational 2-torsion point on Jac(C) is (0, √ a 6 , 1). Therefore, the canonical theta characteristic L can,K on C exists if and only if √ a 6 ∈ K.
Hence we have the following corollary.
Corollary 5.6. Let K be a field of characteristic two. Let C ⊂ P 2 K be a smooth cubic whose Jacobian variety Jac(C) is ordinary. Fix an embedding Jac(C) ֒→ P 2 K , and assume that Jac(C) is defined by a Weierstrass equation of the following form
(a 2 , a 6 ∈ K, a 6 = 0).
Then C admits a symmetric determinantal representation over K if and only if √ a 6 ∈ K.
Remark 5.7. For any imperfect field K of characteristic two, there is a smooth cubic which does not admit a symmetric determinantal representation over any finite separable extension of K, but it admits a symmetric determinantal representation over a finite purely inseparable quadratic extension of K. Unlike the case of conics, the Brauer group of K does not play a role here because the degree of C is odd.
Supersingular case. By Corollary 4.5 (3), the smooth cubic C does not admit a symmetric determinantal representation over K. We can confirm it directly without using the results of Mumford and Stöhr-Voloch as follows. Since Jac(C) [2] (K) = 0, the trivial line bundle O C K is the only one theta characteristic on C K , up to isomorphism. Since O C K is effective, the smooth cubic C does not admit a symmetric determinantal representation over K by Proposition 2.2.
6. The local-global principle in characteristic two Theorem 6.1. Let K be a global field of characteristic two, and C ⊂ P 2 K a smooth plane curve of degree n ≥ 1. Assume that
• C admits a symmetric determinantal representation over K v 0 for a place v 0 of K. Moreover, assume that at least one of the following conditions is satisfied:
• n is odd, • C has a K-rational point, or
• there is a place w of K such that C admits a symmetric determinantal representation over K v for each place v = w of K. Then C admits a symmetric determinantal representation over K.
Proof. By Corollary 4.5 (1), the canonical theta characteristic L can,Kv 0 on C Kv 0 exists and L can,Kv 0 is non-effective. Hence it is enough to prove the existence of the canonical theta characteristic L can,K on C because, if it exists, it is non-effective by Lemma 4.1 (3) .
We shall first prove the existence over K sep . We denote the fiber of the K-rational point [Ω 1 C ] ∈ Pic C/K (K) under the multiplication-by-2 isogeny [2] : Pic C/K −→ Pic C/K by T ⊂ Pic C/K . The scheme T is finite over K, which is called the theta characteristic torsor ( [17] ). For any extension of fields
] from the set of isomorphism classes of theta characteristics on C K ′ to T (K ′ ) is injective by Lemma 4.1 (1). This map is not surjective in general. The obstruction for an element in T (K ′ ) to come from a theta characteristic on C K ′ is measured by an element in the Brauer group Br(K ′ ) (see Section 4). Using Greenberg's approximation theorem, let us approximate the 
is fixed by the action of Gal(K sep /K), we have a K-rational point on the Picard scheme
We denote the image of s in Br(K) by α s . Recall that we have the following exact sequence (see Section 4):
In order to prove the existence of L can,K , it is enough to prove that α s is trivial. We shall prove it using one of the assumptions of the theorem.
• If n is odd, there is a finite extension L/K of odd degree such that C has an L-rational point. We denote it by t ∈ C(L). Since the composite of
is the natural morphism, the composite of Br(K) On the other hand, since 2s comes from the class of the canonical sheaf, the element α s is also killed by 2. Hence the element α s is trivial.
• If C has a K-rational point, the morphism C −→ Spec K has a section, and the natural map Br(K) −→ Br(C) is injective. Since the composite of
is zero, we see that α s is trivial. (In this case, we have an isomorphism Pic(C) ∼ = Pic C/K (K).) • If C admits a symmetric determinantal representation over K v for each place v = w of K, the element α s ∈ Br(K) lies in the kernel of the homomorphism
There is a natural injective homomorphism The proof of Theorem 6.1 is complete.
The field of definition of symmetric determinantal representations in characteristic two
In this final section, we give some remarks on the field of definition of symmetric determinantal representations in characteristic two.
Let K be a field of characteristic two, and C ⊂ P 2 K a smooth plane curve of degree n ≥ 1. In this section, we assume that C admits a symmetric determinantal representation over K. By Corollary 4.6, this assumption is satisfied if and only if Jac(C) is ordinary.
For a subextension L/K of K/K, we study the condition on L under which C admits a symmetric determinantal representation over L. Recall that the canonical theta characteristic L can,K gives a K-rational point on the Picard scheme Pic C/K . We denote it by
Let K(x can ) be the field of definition of x can . Hence we have
Since x can is invariant under the action of Aut(K/K), we see that K(x can )/K is a finite purely inseparable extension. Let
be the image of x can by the exact sequence
(see Section 4). Since 2x can comes from the class of the canonical sheaf, the element α can is killed by 2.
Proposition 7.1. Let L/K be a subextension of K/K.
(1) C admits a symmetric determinantal representation over L if and only if L contains K(x can ) and the image of α can in Br(L) is trivial. (2) Assume that L contains K(x can ), and at least one of the following conditions is satisfied:
• n is odd, • C has an L-rational point,
• Br(L) has no non-trivial 2-torsion elements, or • L is perfect. Then C admits a symmetric determinantal representation over L.
Proof. (1) Since we have assumed that C admits a symmetric determinantal representation over K, the canonical theta characteristic L can,K is non-effective by Corollary 4.5 (1) . Hence C admits a symmetric determinantal representation over L if and only if the canonical theta characteristic L can,L on C L exists. The first assertion follows.
(2) We shall show α can is trivial. When n is odd or C has an L-rational point, we can prove the triviality of α can by the same way as in the proof of Theorem 6.1. When Br(L) has no non-trivial 2-torsion elements, the element α can is trivial. When L is perfect, Br(L) has no non-trivial 2-torsion elements by Lemma 4.3, and the element α can is trivial. 
